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Based on the results of our computer simulation �Ter-Oganessian et al., Phys. Rev. E 72, 041510 �2005��,
we have developed a theoretical description of the motion of a bead, embedded in a network of semiflexible
polymers �filaments� and responding to an applied force. The theory reveals the existence of an osmotic
restoring force, generated by the piling up of filaments in front of the moving bead and first deduced through
computer simulations. The theory predicts that the bead displacement scales like x� t� with time, where �
=1/2 in an intermediate-time regime and �=1 in a long-time regime. It also predicts that the compliance varies
with a concentration like c4/3 in agreement with experiment.
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I. INTRODUCTION

Actin networks play a key role in the mechanical stability
of cells and for numerous mechanochemical processes �2�,
such as cell locomotion on surfaces �3� and the growth of
cellular protrusions �4�. The viscoelastic properties of actin
networks have been extensively studied by torsional rheom-
etry �5–8�, passive one-bead �9,10� and two-bead �11� mi-
crorheology and force-based �oscillatory� microrheometry
�12,13�.

Recently, new results using pulsed force magnetic bead
microrheometry were reported �14,15� in which three re-
gimes of bead movement were observed, each being de-
scribed by the power law

x�t� � t�i, �1�

where x is the bead displacement and t is the time and i
numerates the regimes i=1,2 ,3: the short-time regime with
the exponent �1�0.75 observed for 0� t��1; the
intermediate-time regime characterized by �2�0.5, for �1
� t��2, and the long-time viscous-like regime, for t��2,
with the exponent �3�1. The crossover time �1 varied be-
tween 0.03 and 0.3 s, while �2 varied between 10 and 30 s
depending on the force applied to the bead. In the
intermediate-time and long-time regimes, the dependence of
bead displacement on the concentration of actin filaments c
behaved like x�c−�i with �2�1.1±0.3 in the intermediate-
time regime and �3�1.3±0.3 in the long-time regime �14�.

Actin networks and constrained actin filaments were stud-
ied theoretically in a series of papers �5,6,16–31� and theo-
retical analyses of microrheology have recently been re-
ported in �32–34�. Up to now, no theoretical explanation of
the x�t�� t1/2 power law of the bead motion in active mi-
crorheology of semiflexible entangled networks has been
proposed.

In the preceding paper �1�, we reported the results of com-
puter simulation of magnetic bead microrheometry to study a
network of semiflexible polymers modeling entangled actin
filaments in an aqueous solution. In Fig. 1, we show some
typical results of computer simulations using the parameters

of the paper �1�. Figure 1�a� shows a typical plot of log�x�t��
versus log�t�. Two regimes of bead motion can be distin-
guished on this graph. The initial regime was characterized
by the well-known exponent �1�0.75 �9,11,21,23–25�. The
displacement of the bead in this regime observed in the com-
puter simulations �1� was smaller than the network mesh size
in accord with the observations �14�. This was followed by
the regime with the exponent �2�0.5 �Fig. 1�a��. In this
regime, the displacement can be represented in the form
x�t�=Kt1/2, where the coefficient K depends upon the con-
centration of filaments c, like K�c−�2 with �2�1.4 �Fig.
1�b��. It was further shown �1� that the bead displacement in
this regime scales like

x�t� � D�
1/2ft�2c−�2, �2�

where f is the external force applied to the bead and D� is the
longitudinal diffusion coefficient defined as the diffusion co-
efficient of a polymer constrained to move along its tube
�28�. A total displacement of several mesh sizes was
achieved by the end of the simulation. The two regimes ob-
served in the simulations correspond to the short-time and
intermediate-time regimes observed using pulsed force mag-
netic bead microrheometry �14,15� and are characterized by
the same exponents.

Figure 1�c� shows the number of monomers Nm neighbor-
ing the leading and the rear hemispheres of the bead. These
numbers were equal in the rest state �t=0�. During the bead
motion the number of the monomers neighboring the leading
hemisphere increased �Fig. 1�c��i�� while the number of
those neighboring the rear hemisphere decreased �Fig.
1�c��ii��. This implied that, during bead motion in the
intermediate-time regime, the polymers piled up in front of
the bead, while the region behind the bead was almost free of
polymers. Further, the simulations demonstrated that the re-
sistance of the network to bead motion was due mainly to the
steric repulsion of these piled up polymers �as shown in Fig.
1�d��. Finally, the simulations �1� showed that the polymers
in front of the bead take part, on average, in a diffusive
motion in the direction of the bead motion. The diffusion
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coefficient of this motion is close to the longitudinal diffu-
sion coefficient describing the free diffusion of polymers in
the bulk �1�.

Based on these findings, this paper formulates an analyti-
cal approach deriving the intermediate-time and the long-
time regimes and describing both the experimental observa-
tions �14,15� and the results of our simulations �1�.

In Sec. II, we deduce the force resisting the bead motion
on the assumption that a clump of polymers has been formed
in front of the moving bead. In Sec. III, we describe the
formation of the clump and obtain equations of motion of the
bead in the intermediate-time regime. In Sec. IV, we extend
our approach to describe the long-time regime of bead mo-
tion. In Sec. V, we compare our predictions with measure-
ments and simulations and discuss the relation of our find-
ings to previous experimental and theoretical results. Section
VI summarizes our results.

II. OSMOTIC FORCE

Actin networks are well described by a reptation-tube
model �26,27�. Within this approach, each filament is consid-
ered to be confined to a tube with diameter equal to the mesh
size accounting for the steric contribution of the surrounding
filaments. This yields the free energy per filament
�17,19,20,35�

Ff � �kBTL/Le, �3�

where ��2.46 is a geometric factor, Le�Lp
1/3�2/3 is the en-

tanglement length �16�, and Lp is the persistent length of the
filament. The term originating from the translational entropy
of the filaments is omitted in �3�, since its effect on the
resistive force is small.

In a system with N polymers of length L homogeneously
distributed in volume V, the mesh size of the network � can
be estimated according to the relation V=gNL�2, where g is
a geometric factor. The concentration of the polymers is de-
fined as c=N /V yielding

c = 1/gL�2. �4�

In the following it is convenient to write all expressions in
terms of the concentration c* of segments of filaments with
length Le according to the definition c*=cL /Le,

c* = 1/gLp
1/3�8/3. �5�

These segments play an important role in our discussion and,
therefore, for the sake of brevity, we introduce a special
term, “entanglement segments,” for them. According to �3�
each entanglement segment carries the thermal energy
��kBT.

The free energy of the network takes the form F=NFf,

F � kBT� �LN�4

LpV
	1/3

. �6�

Making use of Eq. �6�, one calculates the pressure p=
−��F /�V�T and using Eq. �5� one finds,

p � c*kBT . �7�

The pressure �7� depends on the mesh size like p��−8/3.
It arises due to the decrease of entropy of a filament sub-
jected to a tube. It can be considered as the osmotic pressure
of the entanglement segments.

The beads used in the measurements �14,15� and modeled
in the simulations �1� are about 5 to 10 times larger than the
mesh sizes of the networks and cannot squeeze through the

FIG. 1. Results of computer simulations of magnetic bead mi-
crorheometry of an actin network �1�. �a� Typical dependence of the
bead displacement x�t� versus time t in a double-logarithmic plot
revealing two regimes of bead motion: the initial regime character-
ized by the slope �1�0.75 followed by that with the slope �2

�0.5. The dashed and dashed-dotted lines show the slopes 3/4 and
1/2, respectively. �b� The double-logarithmic plot of the depen-
dence of the coefficient K on the concentration of filaments c at
various forces. The solid line shows the slope �2=−1.4. �c� The
numbers of monomers Nm neighboring the leading �i� and the rear
�ii� hemispheres of the bead plotted versus time. �d� The steric
repulsion force fst exerted by the filaments on the bead plotted
versus time. In this simulation, an external force of 1000 force units
was applied to the bead. The force fst gradually increased in mag-
nitude from fst=0 at t=0 to fst�−1000 force units, thus balancing
the external force at t�2 time units which corresponds to the in-
termediate regime.
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network. For this reason during its motion, the bead com-
presses the network ahead of it, thus increasing the local
concentration of filaments �Fig. 2�. The mesh size in front of
the bead, �=�f �Fig. 2�b��, thus, becomes smaller than the
mesh size, �=�0, far from the bead �Fig. 2�a��.

It has been shown by the simulations that the main con-
tribution to the resistance is due to the steric repulsion be-
tween the bead and filaments, which gives rise to the pres-
sure p exerted by the filaments on the bead surface �1�.
Further, the simulations show that the filaments are piled up
in front of the bead, while behind the bead a region almost
free of filaments develops during its motion �1�, and hence, it
is a good approximation that essentially zero pressure is ex-
erted by filaments on the back hemisphere. Thus, the force
f �R2p, where R is the bead radius, acts on the front surface
of the bead and resists the bead motion. One finds

f � R2cf
*kBT , �8�

where cf
*=1/gLp

1/3�f
8/3 is the concentration of the entangle-

ment segments in the neighborhood of the front of the bead
�i.e., in the region where the mesh size � is equal to �f�. The
force �8� represents the steric repulsion of the bead by the
polymers piled up in front of it. It is related to the osmotic
pressure of the entanglement segments, and we refer to it as
the “osmotic force.”

III. EQUATION OF MOTION OF THE BEAD:
THE INTERMEDIATE-TIME REGIME

In the beginning of the motion, when t	�1, the bead re-
sponse is due to a dynamic bending of a few filaments and
obeys the law �21� x�t�� t3/4 �see Appendix�.

At t��1, the short-time regime is followed by the
intermediate-time regime in which the bead motion depends
upon the response of a large number of those filaments ahead
of the bead and crossing the bead’s path. The main contribu-
tion to the resistance force is described by �8�. The concen-
tration of entanglement segments cf

* entering Eq. �8� is to be
calculated directly in front of the bead and should be related
to the concentration of segments c0

* �or to the filament con-
centration c0� far from the bead. The latter values are set by
the preparation of the network, and we assume them to be
known. Basing on the simulations �1�, we also assume that
the entanglement segments move by diffusion with the dif-
fusion coefficient D.

Consider a bead moving over a distance x�t� during the
time t. The bead compresses n+ entanglement segments
ahead of it given by n+�c0

*
R2x�t�, where c0
*

=g−1Lp
−1/3� 0

−8/3 is the concentration of the entanglement seg-
ments far from the bead, where the mesh size is �0. These
entanglement segments, however, redistribute themselves by
diffusing over a typical distance ��Dt�1/2. If �1	 t	�2,
where

�2 � R2/D , �9�

there is not enough time for the entanglement segments to
diffuse over the distance �R away from the bead’s path.
Therefore, one needs to consider only the diffusion of en-
tanglement segments in the Ox direction. This motion results
in a clump of filaments of thickness ��Dt�1/2 formed in front
of the bead so that the entanglement segments redistribute
themselves over the volume

�V � 
R2�Dt�1/2. �10�

Accordingly, the concentration, cf
*�n+ /�V, in the clump in

front of the bead is

cf
* �

x�t�
�Dt�1/2c0

*. �11�

Substitution of �11� into the resistive force �8� and as-
sumption that the external force f applied to the bead is
balanced solely by the osmotic force fosm �8� yields the equa-
tion describing the bead motion during the time interval �1
	 t	�2,

x�t� = �2
Lp

1/3�0
8/3D1/2

R2kBT
ft1/2, �12�

where �2 is a numeric factor of the intermediate regime �i
=2�. Its origin and value are discussed in Sec. V.

IV. THE LONG-TIME REGIME OF BEAD MOTION

If t��2, the polymers have enough time to diffuse over
the distance �R. This enables some entanglement segments

FIG. 2. Schematic view of the bead embedded in a network of
semiflexible filaments. �a� Bead at rest in a network. �b� During its
motion, the bead piles up the filaments ahead of it �i�, while the
region behind the bead �ii� contains fewer filaments. The dashed
circle shows the initial position of the bead, �f indicates the mesh
size in the vicinity of the bead, and �0 is the mesh size far from the
bead.
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to escape from the path of the bead. In this case, the motion
of the bead becomes a steady-state motion as soon as the
number of the entanglement segments n+ being captured by
the clump in front of the bead becomes equal to the number
n− diffusing sideways away from the bead’s path. As soon as
this regime is achieved, the bead moves with a constant ve-
locity v. The number of entanglement segments compressed
by the bead within the time t can be estimated as

n+ � c0
*R2vt . �13�

The flux of entanglement segments is j=−D�c*. In this re-
gime, the only relevant length scale is the bead size �R.
Accordingly the size of the clump l, both along and perpen-
dicular the Ox direction, can be estimated as l�R. The gra-
dient of the concentration of the entanglement segments
�c* can be estimated as �c0

*−cf
*� /R. Assuming c0

*cf
*, one

finds an estimate of the flux of segments diffusing away from
the clump to be of the form j�Dcf

* /R. The number of en-
tanglement segments diffusing sideways away from the
bead’s path is

n− � Rljt . �14�

Applying the condition of steady-state motion, n+=n−, one
finds the concentration of the entanglement segments in the
clump cf

* to be

cf
* � Rc0

*v/D . �15�

Substitution of the concentration �15� into the expression for
the resistive force �8�, one finds

fosm �
c0

*kBTR3

D
v . �16�

The motion of filaments in the long-time regime is asso-
ciated with some energy dissipation. The latter can be de-
scribed by the dissipative function

Q =
�

2

 cv2 dV , �17�

where � is the inverse mobility of a filament related to its
diffusion coefficient as �=kBT /D, c is the concentration of
filaments �which should not be confused with the concentra-
tion c* of the entanglement segments�, and v is the velocity
of a filament. The integration is over the entire volume of the
network.

The motion in the long-time regime takes place with a
constant velocity v as the bead pushes a clump of filaments
with dimensions �R�R�R ahead of it. The concentration c
of filaments inside the clump is larger than their concentra-
tion c0 far from the clump. It is convenient to consider the
problem in the coordinate system moving with the bead. In
this system, the bead and the clump are motionless, while the
filaments with the concentration c0 fall on the clump with the
velocity v and the same amount of polymers leaves the
clump providing dynamic equilibrium. Thus, this process can
be considered as if the filaments with concentration c0 move
through the clump with the velocity v. The energy dissipa-
tion takes place mainly inside the clump. Therefore, the in-
tegral �17� can be estimated as �cv2 dV�c0v2R3. This yields

the estimate for the dissipative function Q�v2kBTc0R3 /D.
The drag force acting on the bead due to this dissipation
takes the form �36� fdis=−�Q /�v. One finds

�fdis� �
c0

c0
*

c0
*kBTR3

D
, �18�

where, for the sake of comparison, the force is expressed in
terms of the concentration of the entanglement segments c0

*.
Comparing �18� and �16�, one finds that fdis / fosm�c0 /c0

*.
The ratio c0 /c0

*=Le /L=Lp
1/3�0

2/3 /L ranges from 0.06 at �0
=0.3 �m to 0.12 at �0=1 �m so that the effects of energy
dissipation can be neglected.

For this reason, one can assume that the external force f
acting on the bead is balanced only by the osmotic force
�16�. This yields the equation for steady-state motion,

x�t� = x0 + �3
Lp

1/3�0
8/3D

R3kBT
ft , �19�

where x0 is a constant and �3 is the numerical factor which
contains all numerical coefficients.

V. DISCUSSION

A. Diffusion coefficient of entanglement segments

Results of our simulation study �1� indicate that the dila-
tation mode of motion of the clump in front of the bead is
diffusive and its diffusion coefficient D is close to that of the
longitudinal diffusion of filaments D�. On the other hand, the
transverse motion of the filaments in front of the bead lead-
ing to a compression or dilatation of this region is more
plausible. The transverse motion differs considerably from
the longitudinal diffusion �1,37�.

This seeming contradiction can be explained as follows. A
segment of a filament which crosses the bead’s path has the
length of about 5 �m. This is smaller than the filament con-
tour length ��20 �m�. For this reason, a clump of polymers
in front of the bead is connected by filament tails with the
rest of the network, these tails being longer than the size of
the clump �Fig. 3�. When the bead compresses the clump
during its motion, the segments of those filaments in the
clump undergo mainly a transverse motion. However, in or-
der to enable such a motion, a longitudinal displacement of
the tails �connecting the clump with the network� along their
reptation tubes is required. This is shown schematically in
Figs. 3�b� and 3�f�. Since the lengths of the tails are larger
than the clump size, the clump compression by the bead is
dominated by the longitudinal diffusion of filaments. For this
reason, the diffusion coefficient describing the dynamics of
compression of filaments in front of the bead is close to the
longitudinal diffusion coefficient of filaments D�D�. This
conclusion agrees with results of the simulation �1�.

B. Distribution of the filaments in the neighborhood of the bead

During the short-time regime, t	�1, the clump of poly-
mers ahead of the bead exhibits an increase in density until
t=�1 after which the density remains constant. This can be
seen in Fig. 5 of our simulations �1�. During the intermediate
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regime, �1	 t	�2, the volume of the clump ahead of the
bead Eq. �10�, possessing a now-constant density, increases
like t1/2 and it is this that results in the slowing down of the
bead �x�t�� t1/2� until t=�2. At longer times, a constant speed
is maintained x�t�� t and the density remains at the value
achieved at �1. This picture is supported by the theory: a
comparison of Eqs. �11� and �12� shows that the concentra-
tion of the entanglement segments cf

* during the intermediate
regime is time independent. In our model, the external force
f applied to the bead is balanced solely by the osmotic force.
According to the relation �8�, the concentration cf

* is unam-
biguously determined by the time-independent force f .

The evolution of the clump of the filaments in front of the
bead, however, takes place by the growth of the clump in the
direction of the bead motion l��Dt�1/2. Since the number of
the segments n− diffusing away from the clump is propor-
tional to this dimension �14�, the growth of the clump is
followed by the increase of the number of the escaping seg-
ments and stops as soon as this number becomes equal to the
number n+ of segments captured by the clump. From these
arguments, one concludes that the concentration cf

* during
the long-time regime �15� is constant and equal to that during
the intermediate regime, which is indeed the case.

It is generally accepted that entropic repulsion of a poly-
mer from a chemically neutral surface �38� gives rise to the
formation of a depletion layer in which the polymer concen-
tration close to the surface is lower than that in the bulk and
a similar manifestation will be seen in the case of a bead
embedded in a network of actin filaments �28�. It has been
shown that such a depletion layer modifies the elastic
Green’s function �34� and should be accounted for in analy-
sis of the experimental data of the two-point microrheology
�39,40�. In our previous paper �1�, we reported the distribu-

tion of the polymers in the neighborhood of the bead ob-
tained by simulation. It exhibited an anisotropic distribution
of polymers around the bead with a region behind the bead
almost free of polymers and a polymer clump in front of it.
The simulations did not exhibit any clear indication of a
depletion layer around the bead. However, in the simulation
�1�, soft spheres were used to model the bead and the mono-
mers. In order to identify a depletion layer, we would have to
carry out an examination of our simulation data in more
detail.

The intent of the work described here has been to model
the various time domains in order to understand the key pro-
cesses which lead to the behavior observed both experimen-
tally and via computer simulation. Our model of the neigh-
borhood of the bead does not take into account phenomena
on the scale of a depletion layer, but concerns itself with
identifying larger scale processes which lead to the time-
dependence observed.

In the framework of our approach, the concentration
should be understood as an average rather than an exact
value exhibiting any spatial dependence which would reflect
a depletion layer. To elucidate fine details of the distribution
of the polymers in the vicinity of the bead, a more detailed
analysis is required, which is out of the scope of our work.

C. Coefficients �2 and �3

To make comparisons with experimental data it would be
useful to know the values of the coefficients �2 and �3. In the
preceding paper �1�, we determined the coefficient �2 using
the results of our simulations, �2�0.055±0.0042. This value
should be considered as being close to the low limit, since it
was obtained for an initially homogenous network composed
of polymers with equal contour lengths. Our simulations �1�
were not run for sufficiently long times to reach the long-
time regime and, accordingly, we were unable to obtain a
value for �3. However, using data from the literature, we can
obtain an estimate for it.

Lekkerkerker and Drohnt calculated the drag force acting
on a tracer sphere forced to move with a constant velocity in
an emulsion �41�. This drag force is due to the deformation
of the particle distribution around the sphere and is, thus,
analogous to the osmotic force in the long-time regime con-
sidered here. Within the approximation of hard spheres Lek-
kerkerker and Drohnt found an expression for the osmotic
force fosm in terms of the force f applied to the tracer bead

fosm = −
8


3
R3cf , �20�

where R is the radius of the tracer �which in the paper �41� is
equal to that of the emulsion particles� and c is the concen-
tration of the particles.

If we derive the expression for fosm by making use of
�19�, we find that fosm=−c0

*R3kBTvg /�3D. Taking into ac-
count that v=bf and that the mobility b is related to the
diffusion coefficient via D=kBTb one finds the relation

FIG. 3. Motion of a filament crossing the bead’s path. An initial
position of the bead is shown by �a�. �b� shows the tails of one of
the filaments which crosses the bead’s path in front of it. Other such
filaments are not shown. The network �not shown� gives rise to the
reptation tubes �c� in which the tails move. Displacement of the
bead to a new position �indicated by �d�� requires the movement of
those segments crossing the bead’s path �e�. This requires that the
tails slip out of their tubes, thus adopting a new configuration �f�.
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fosm = −
c0

*R3g

�3
f , �21�

to be analogous to the result �20� of Lekkerkerker and
Drohnt. Comparison of �20� and �21� yields �3=3g /8
. If
the filaments of the network lie along a primitive cubic lat-
tice, one would find g=1/3, which we will use below in
making estimates. With this g value one finds that �3
�0.040. This value is similar to that obtained by us for �2.
However, it should be pointed out that the system studied in
the paper �41� differs from that considered here and, thus, the
value �3 may differ from the obtained estimate.

D. Comparison with experiments

The creep compliance of the bead embedded into the actin
network J�t� defined by

J�t� = 6
Rx�t�/f �22�

was measured in the experiments reported in �14,15�. It was
found that, in each of the three regimes, the compliance
could be described by the power law

J�t� = Ait
�i + Bi, �23�

where Ai are the amplitudes, Bi with B1=B2=0 are the off-
sets, and i=1,2 ,3 denotes the short-time, intermediate-time,
and long-time regimes characterized by the exponents
�1

�exp��0.75, �2
�exp��0.5, and �3

�exp��1.0 �14,15�.
In Sec. III and in the Appendix, these regimes are de-

scribed analytically. Our estimates on the short-time regime
�Eq. �33� Appendix� reproduces the well-known �21� expo-
nent �1

�th�=3/4. In the long-time regime, we obtained the
expected exponent �3

�th�=1 �Eq. �19�� describing the viscous-
like motion of the bead. Finally in the intermediate-time re-
gime, we derived the exponent �2

�th�=1/2 �Eq. �12�� in agree-
ment with the observations reported in �14,15� as well as our
simulations �1�. The theory presented here predicts the pref-
actors Ai to take the forms

A1 �
RN

32
� 


kBTLp�4��3	1/4

, �24�

A2 � 6
�2
Lp

1/3�0
8/3D1/2

RkBT
, �25�

A3 � 6
�3
Lp

1/3�0
8/3D

R2kBT
, �26�

where � is the water viscosity and N is the number of fila-
ments met by the bead �see Appendix�.

Since, according to �4�, the concentration of filaments far
from the bead c0 scales like c0�� 0

−2, Eqs. �25� and �26�
yield A2,3�c−�2,3. Our approach predicts �2,3

�th�=4/3 in agree-
ment with the experimentally measured values, �2

�exp�

�1.1±0.3 and �3
�exp��1.4±0.3 �14�, as well as with the

value �3
�sim��1.4 found in the simulations �1�.

In order to make estimates of Ai, we used kBT�4
�10−21 J, the water viscosity ��10−3 Pa s, the actin con-
tour length L�20 �m, the radius of the bead R�2.25 �m
equal to that used in the measurements �14,15,42� and the
persistent length of actin Lp�17 �m �43,44�. Substitution

of these values into �24� yields A1
�th��23.0 Pa−1 s−3/4 at

N=2, which agrees with the experimental value A1
�exp�

�27.2±6.1 Pa−1 s−3/4 reported in �14,42�.
The network with the actin concentration c=11 �M has a

mesh size �0�0.5 �m. The diffusion coefficient can be es-
timated as D�10−13 m2/s �45�. This estimate of the longitu-
dinal diffusion coefficient of actin agrees with the one which
can be obtained from the theoretical prediction �28�. Substi-
tuting these parameters into �25� and using the factor �2 dis-

cussed above one finds A2
�th��14.5 Pa−1 s−1/2 in good agree-

ment with the value A2
�exp��13.2 Pa−1 s−1/2 reported in Ref.

�15�. Finally, Eq. �26� yields the theoretical prediction for the
coefficient in the long-time regime A3

�th��1.5 Pa−1 s−1.
It is generally expected that in the long-time regime the

bead motion is viscous-like yielding x�t�= ft /6
R�net and,
thus,

A3 = �net
−1 , �27�

where �net is the �effective� viscosity of the network. The
bead displacement �15� indeed depends linearly upon time.
However, in the derivation of �19� only the osmotic mecha-
nism was accounted for, while the viscosity was neglected.

The long-time viscosity �net has been measured by force-
pulsed magnetic bead microrheometry in Refs. �12� and �46�.
In the measurements reported in Ref. �12�, however, pulses
with maximum durations of 2.5 s were used. The bead mo-
tion in the end of such a pulse in this case corresponds to the
intermediate, rather than the long-time regime. In Ref. �46�,
the long-time viscosity �net

�exp��0.63 Pa s was reported with
11 s pulses for a network with mesh size of �0�0.48 �m
and the bead radius R=2.25 �m. Substituting these data into

Eqs. �26� and �27� one finds A3
�th��1.3 Pa−1 s−1 yielding

�net
�th��0.74 Pa s in a good agreement with the measured

value.

E. Crossover times

We have calculated compliance curves as functions of
time for each of the three regimes, and we must consider
how they are joined. Compliance is described by a piecewise
continous function �23�. Transitions from the short-time to
the intermediate-time regime, as well as from the
intermediate-time to the long-time regime, take place by
transition processes which are not accounted for in our ap-
proach. Therefore, strictly speaking, we cannot require the
compliance to be a continuous function, a smooth function,
or a continuous and smooth function. However, the duration
of the transition processes is much smaller than that of the
corresponding regimes �14�, and it is for this reason that we
can require that the compliance is a continuous, smooth
function of time. The result of this physically based assump-
tion is that it will determine the crossover times at which the
compliance curves intersect.
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Equating the bead compliance in the short-time and the
intermediate-time regimes A1�1

3/4=A2�1
1/2 and using �24� and

�25�, one finds the crossover time �1,

�1 =
qLp

7/3�0
32/3D2

N4R8  �

kBT
�3

, �28�

where the numerical factor is q�2.5�107. Using the above
estimates with �0�0.5 �m and N=2, one then finds �1
�0.17 s in agreement with the observations �14,15�.

In the case of the crossover from the intermediate-time to
the long-time regime from the assumption of continuity, one
finds the relation A2�2

1/2=A3�2+B3. The assumption of
smoothness implies that the bead velocity is continuous,
yielding A2=2A3�2

1/2. Solving these equations with respect to
the second crossover time �2 and the off-set B3, one finds

�2 = �2

�3
�2 R2

4D
, B3 =

3
�2
2

2�3

Lp
1/3�0

8/3

kBT
. �29�

Using the above values of the parameters, we find that B3
�35.0 Pa−1 and that �2�23 s is similar to the observed
times which range from 8 to 30 s �14�.

F. Elasticity and plasticity of the network response

The motion of the bead gives rise to an increase of the
filament concentration in the vicinity in front of it. This re-
sults in a compression of the reptation tubes in this region.
Small deformations of reptation tubes is the origin of net-
work elasticity at the time scale of the intermediate regime
�26,30,47,48�. In our model, the osmotic force �8� originates
from both the compression of the tubes and the anisotropy of
the distribution of the polymers around the bead. In the be-
ginning of the intermediate-time regime, the bead displace-
ment is comparable to the network mesh size and the net-
work response is elastic. Taking typical values of A2
�10 Pa−1 s−1/2, f =10 pN and �2�10 s, one finds a typical
bead displacement at the end of the intermediate regime to
be x�7 �m in agreement with the experimental observa-
tions reported in �14,15�. At such values of the bead dis-
placement, the filaments crossing the bead’s path are pulled
out of their tubes by the bead motion. This implies the irre-
versibility of the network deformation which thus possesses
a plastic component depending upon the extent to which the
filaments are pulled from their tubes. In the long-time regime
�t��2�, the network response becomes viscous.

G. A x„t…È t1/2 regime in other systems

A binary correlation function and a mean square displace-
ment obeying the power law �x2�t��� t1/2 has been observed
in actin networks using passive two-bead microrheometry
�11�. The network concentration and the time domain in
which such a behavior was observed �11� correspond to those
in experiments using active probing of actin network �14,15�.
We note that this behavior is related to the compliance de-
pending on time like J�t�� t1/2, as described in our paper in
the intermediate-time regime and observed in �14,15�. How-
ever, a detailed theory of this phenomenon for the case of

passive two-bead microrheometry is beyond the scope of the
present paper.

The viscoelastic properties of complex media are often
modeled in terms of equivalent mechanical circuits �49�.
This approach was applied to analyze the micromechanical
behavior of actin networks, the cytoplasm, and cellular mem-
branes �12,46,50–54�. It would be possible to fit the compli-
ance such as that of the actin network reported in �14,15� by
an equivalent mechanical circuit. However, an accurate fit-
ting of such a regime would require us to introduce many
parameters, via springs and dash pots, which would, how-
ever, incorrectly describe the essential physics of the phe-
nomenon. The reason that the compliance increases like
J�t�� t1/2 in the intermediate-time regime is because of the
osmotic mechanism arising from polymer compression by
the moving bead, and this is fundamentally different from,
and cannot be reduced to, the viscoelastic characteristics of
the network.

In recent papers �32,33�, a phenomenological theory of
microrheological measurements was formulated. It is based
on a two-fluid hydrodynamic approach �55� in which the
actin network was considered as an elastic medium of con-
stant concentration viscously coupled to the penetrating wa-
ter. As we already discussed at 0	 t	�1, the time is not
enough for osmotic pressure to contribute significantly to the
bead motion and the approximation of a constant concentra-
tion used in �32,33� is applicable. At t��1, the osmotic pres-
sure becomes significant. In this case, our approach may be
combined with that of papers �32,33� by accounting for the
time-dependent and coordinate-dependent concentration of
filaments obeying the diffusion equation.

In general, the x�t�� t1/2 power law �or, equivalently, the
power law G�����1/2, describing the dependence of the
complex shear modulus of the network on frequency� indi-
cates that the resistance mechanism is dominated by diffu-
sion, but does not indicate the mechanism itself. The power
law G�����1/2 has been predicted theoretically for flexible
polymers, for which L /Lp�1 by accounting for the diffusion
of their excess lengths along the reptation tubes �28�. In the
networks studied both here and in our simulations �1�, as
well as in those used in measurements �14,15�, the polymers
are semiflexible, L /Lp�1.2, and therefore, the mechanism
responsible for the intermediate-time behavior reported in
�14,15� differs from that proposed by Morse �28�.

Our description of the intermediate-time and long-time
regimes is based on taking account of the osmotic pressure
on the bead due to the asymmetric distribution of the fila-
ments around it. This phenomenon has already been dis-
cussed in several publications in application to systems dif-
fering from semiflexible networks.

In the paper �41�, the forced motion of a spherical probe
particle in a suspension of colloidal particles was studied in
the regime of a steady motion. There it was shown that a
resistive force arose due to a deformation of the distribution
of the colloidal particles around the probe particle.

Kollmann and Nägele developed a theory describing the
diffusion of a spherical macroion in a multicomponent col-
loidal dispersion. They predicted a perturbation �� of its
short-time friction coefficient � by the electrolyte �56�. If the
hydrodynamic interactions were ”switched off,” the
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asymptotic behavior of this perturbation would exhibit the
dependence ��� t−1/2 on time. However, accounting for the
far-field hydrodynamic interactions between the tracer and
the microions removes the singularity yielding �� to be regu-
lar at t=0 �56�.

Although the entangled network of semiflexible filaments
differs considerably from the multicomponent dispersion of
spherical colloidal particles studied in Ref. �56�, the
intermediate-time regime recently observed in actin net-
works �11,14,15� and predicted by the simulations �1� is
qualitatively comparable with the short-time behavior pre-
dicted for a colloidal dispersion �56�. In the latter, the hydro-
dynamic interactions equalize concentrations of colloidal
particles in front of and behind the bead and the difference in
the osmotic pressure in front of and behind the bead van-
ishes. In the densely entangled solution of polymers, their
low mobility prevents such an equalization of the density.
For this reason, the osmotic force exists in the network and
�as has been shown here� dominates the resistance of the gel
to the bead motion giving rise to the bead motion obeying
the law x�t�� t1/2.

In general, the arising of the osmotic force discussed in
this paper requires two conditions: �i� density inhomogeneity
of the complex fluid must be formed �giving rise to the spa-
tial inhomogeneity of the osmotic pressure�, and �ii� a slow
diffusive mode must be responsible for the decay of this
inhomogeneity. Such conditions are often fulfilled on the me-
soscale in complex fluids. In the recent paper �57�, Brochard-
Wyart and de Gennes predicted a resistance of adhered
biomembranes to an unbinding by account for a transient
inhomogeneous osmotic pressure of mobile ligand-receptor
pairs.

VI. SUMMARY

Based on our computer simulations �1�, we have proposed
a mechanism responsible for the resistance of an actin net-
work to the forced motion of an embedded bead. We have
shown that the resistance originates in the osmotic pressure
exerted on the bead surface by the actin filaments. The pres-
sure arises because the moving bead piles up filaments in
front of it, while much fewer filaments are found behind the
bead. This mechanism describes the bead motion in both the
intermediate-time regime, where the motion obeys the power
law x�t�� t1/2, and the subsequent viscous-like long-time re-
gime in which the bead position varies like x�t�� t, as well
as the dependence of the bead response on the actin concen-
tration recently reported in �14,15�.
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APPENDIX: APPROXIMATE DESCRIPTION
OF THE SHORT-TIME REGIME

The enforced bead motion obeying the power law x�t�
� t3/4 has been described theoretically by a mechanism
which accounts for a dynamical bending of a filament �21�.
The solution was obtained in Ref. �21� in terms of a Green’s
function. Based on the idea of that paper �21�, we give here
an approximate calculation of the bead displacement, which
enables us to estimate the compliance in the short-time re-
gime and to compare this prediction with our observations in
Sec. V.

During the short-time regime of motion, the bead
traverses a distance less than the mesh size ��0.1 �m �14��
and, therefore, deforms only few filaments. If a local force f
is applied to the filament somewhere far from its ends at the
initial time then, after a time t, a portion of the filament will
be deformed. The length of the deformed part of the filament
� can be estimated using the equation of filament motion,

4
�
�z

�t
= kBTLp

�4z

�s4 + f��s� , �30�

where 4
� is an estimate of the friction coefficient, � is the
water viscosity, kBTLp is the filament bending rigidity, z
=z�s� is the filament displacement, s is the coordinate along
the filament, and ��s� is the � function. This yields the time
dependence of the length of the deformed portion of a fila-
ment,

� =  kBTLpt

4
�
�1/4

. �31�

Assuming that the increase of the length � is slower than
the filament bending, one can describe the bending by the
static equation

�4z/�s4 = 0. �32�

with the boundary conditions: �i� kBTLp�
3z /�s3= f describing

the force applied at the point s=0, �ii� �2z /�s2=0 describing
the requirement of zero torque applied to the filament by the
bead, and �iii� z�±��=�z�±�� /�s=0 which approximately
describes the filament configuration at s= ±�. Utilizing the
well-known solution for elastic rods �58�, one finds the bead
displacement x equal to that of the filament at s=0: x=z�0�
= f�3 /192kBTLp. Making use of �31�, one obtains the bead
displacement in the form

x�t� �
t3/4

192�kBTLp�4
��3�1/4 f . �33�

If the bead meets N filaments on its way, the result �33� must
be multiplied by N. The bead displacement �33� represents
an approximation form of the Green’s function obtained in
�21� taken at s=0.
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